We study a monomial derivation d proposed by J. Moulin Ollagnier and A. Nowicki in the polynomial ring of four variables, and prove that d has no Darboux polynomials if and only if d has a trivial field of constants.
Introduction
Throughout this paper, let k[X] = k[x 1 , x 2 , . . . , x n ] denote the polynomial ring over a field k of characteristic 0.
A Derivations and Darboux polynomials are useful algebraic methods to study polynomial or rational differential systems. If we associate a polynomial differential system d dt
, then the existence of Darboux polynomials for d is a necessary condition for the system to have a first integral (see [1, 2, 3] [5, 6] . It is obvious that if d is without Darboux polynomials, then the field k(X) d is trivial. The opposite implication is, in general, not true. In [7] , there is a full description of all monomial derivations of k[x, y, z] with trivial field of constants. Using this description and several additional facts, Moulin-Ollagnier and Nowicki present full lists of homogeneous monomial derivations of degrees s ≤ 4 (of k[x, y, z]) without Darboux polynomials in [8] and then in [9] , they prove that a monomial derivation d (of k[x, y, z]) has no Darboux polynomials if and only if d has a trivial field of constants and 
is proposed. In this note, we prove that d has no Darboux polynomial if and only if d has a trivial field of constant.
Main Results
Now we recall some lemmas related to Darboux polynomials of polynomial derivations. Denote by A 
where I is the identity matrix of order n. Let w d = det α, that is,
Theorem 2.3. d has no Darboux polynomials if and only if d has a trivial field of constants.
Proof. It is obvious that if d is without Darboux polynomials, then the field k(X) d is trivial. Now suppose that k(X) d is trivial. Assume that d has a Darboux F such that d(F ) = ΛF . Since d is a homogeneous derivation of degree 1, then by Lemma 2.2, we have Λ is a homogeneous polynomial of degree 1, thus
Let σ : k[x, y, z, t] → k[x, y, z, t] be an automorphism defined by:
where ε is a primitive eighth root of 1. Then σ −1 is:
It is easy to verify that
Thus,F is a Darboux polynomial of d with eigenvalueΛ. Since ε is a primitive eighth root of 1, we have 1 − ε r = 0, for any r < 8.
Therefore, D(F ) = 0. It is a contradiction to the fact that k(X) d . Hence, d has no Darboux polynomials.
